The groups of differential characters of Cheeger and Simons admit a natural multiplicative structure. The quadratic map given by the square of a differential character of degree 2k reduces to a homomorphism of the ordinary cohomology groups. We prove that the homomorphism factors through the Steenrod squaring operation of degree 2k on the cohomology of degree 2k + 1. We also realize the other Steenrod squaring operations of even degree in a context of differential characters.
Introduction
Differential characters, introduced by Cheeger and Simons [2] , are certain refinements of the ordinary cohomology groups involving information of differential forms. From the beginning, differential characters enjoy numerous applications to geometry, topology and mathematical physics.
We recall the definition here: let X be a smooth manifold. We denote the group of singular p-chains with coefficients in Z by C p (X) = C p (X; Z), and singular p-cycles by Z p (X) ⊂ C p (X). A differential character of degree ℓ is defined to be a homomorphism χ : Z ℓ (X) → R/Z such that there exists a differential (ℓ + 1)-form ω satisfying χ(∂τ ) = τ ω mod Z for all τ ∈ C ℓ+1 (X). The group of differential characters of degree ℓ is denoted by H ℓ (X, R/Z). It is known [2] that H ℓ (X, R/Z) fits into the following exact sequences:
where Ω p (X) is the group of differential p-forms on X, and Ω p (X) Z is the subgroup consisting of closed integral p-forms. It is also known [2] that there is a bilinear map on differential characters:
∪ : H ℓ1 (X, R/Z) × H ℓ2 (X, R/Z) −→ H ℓ1+ℓ2+1 (X, R/Z).
The bilinear map ∪, which we call the cup product, is associative. The cup product is also graded commutative in the sense that χ 1 ∪χ 2 = (−1) (ℓ1+1)(ℓ2+1) χ 2 ∪χ 1 for χ i ∈ H ℓi (X, R/Z). We remark that the cup product on differential characters is compatible with the wedge product on differential forms through δ 1 and with the cup product on the ordinary cohomology groups through δ 2 . It is also compatible with the bilinear map
given by (α, β) → α ∧ dβ.
Now we consider the quadratic map
defined byq ℓ (χ) = χ ∪ χ. If we take an even integer ℓ = 2k, thenq 2k gives rise to a homomorphism by the graded commutativity. Moreover, we can see that q 2k descends to give the following homomorphism
In the present paper, we prove that the homomorphism q 2k factors through the Steenrod squaring operation ( [11] , see [8, 10] ):
Note that the universal coefficient theorem [10] gives natural exact sequences:
The main result of this paper is:
We also realize the other Steenrod squaring operations of even degree in a context of differential characters.
The present paper is organized as follows. In Section 2, we summarize the cup product on the ordinary cohomology groups, the Steenrod squaring operations, and homotopies between the cup product on the cohomology with coefficients in R and the wedge product on differential forms. Such a homotopy will be used in defining the cup product on differential characters. In Section 3, we describe the group of differential characters as a cohomology of a cochain complex, and introduce the cup product. To show the graded commutativity of the cup product, we also introduce a sequence of homomorphisms of the cochain complex, the first homomorphism of which induces the cup product. Then we prove Theorem 1, and provide some corollaries and examples. Finally, we realize the other Steenrod squaring operations of even degree by using the sequence of homomorphisms.
2 The cup product on the ordinary cohomology
The cup product
Let X be a topological space. We denote by C p (X) = C p (X; Z) the group of singular p-chains on X, and by ∂ : C p (X) → C p−1 (X) the boundary operator. The cycles and boundaries are denoted by Z p (X) and B p (X) as usual.
We write C * (X) for the singular chain complex, and C * (X)⊗ Z C * (X) for the chain complex obtained by the tensor product. Both of these chain complexes are augmented over the Z-module Z. We introduce a chain map
|σ1||σ2| σ 2 ⊗ σ 1 . By the method of acyclic models ([4] , see [6, 10] ), we have:
If {D i } and {D ′ i } are as above, then there exists a sequence
Proof. We follow [10] (Chapter 5, Section 9). Let R = Z[t]/(t 2 − 1) be the group ring of Z 2 = Z/2Z. We define a chain complex F * = (F * , ∂) over R as follows. For i ≥ 0, F i = R e i is the free R-module of rank 1 generated by e i . For i < 0, we put F i = 0. The boundary operator ∂ :
i t)e i−1 . We make Z into an R-module by letting t ∈ R act as the identity. Note that F * has an augmentation over the R-module Z. The R-module structure on F * makes F * ⊗ Z C * (X) into a chain complex over R. We also make C * (X) ⊗ Z C * (X) into a chain complex over R by letting t ∈ R act as T . Both of these chain complexes are augmented over the Rmodule Z. Now, by the method of acyclic models, there exists a functorial chain map D : 
Let Λ be either Z, Z 2 or R. We denote by (C p (X; Λ), δ) the singular cochain complex with coefficients in Λ. Let {D i } be a sequence of functorial homomorphisms in Lemma 2.1. Using the natural multiplicative structure on Λ, we define a homomorphism of Λ-modules
gives a diagonal approximation, the homomorphism ∪ induces the cup product on H * (X; Λ).
For later convenience, we introduce a sequence
i lowers the degree by i, and satisfies
where T :
The Steenrod squaring operations
Recall that the Steenrod squaring operations [8, 10, 11] are additive cohomology operations
characterized by the following axioms:
As is known, the Steenrod squaring operations are realized in various ways. We employ here the definition given in [10] : let {D i } i≥0 be a sequence of functorial homomorphisms in Lemma 2.1, and {D i } i≥0 the associated sequence of functorial homomorphisms
These homomorphisms induce the operations Sq
i : H p (X; Z 2 ) → H p+i (X; Z 2 ).
The cup product and the wedge product
Let X be a smooth manifold. The integration on singular simplices gives a functorial cochain map from the de Rham complex (Ω * (X), d) to (C * (X; R), δ). As is well-known, there exists a homotopy between the wedge product ω 1 ∧ ω 2 and the cup product ω 1 ∪ ω 2 . In other words, the diagram in Figure 1 is commutative up to a homotopy. In this subsection, we review such a homotopy.
Let {D i } i≥0 be a sequence of functorial homomorphisms in Lemma 2.1. As before, we write
The wedge product and the cup product Lemma 2.2. There exists a sequence {B i } i≥0 of functorial homomorphisms
Proof. The proof is almost the same as Lemma 2.1: we put R ′ = R[t]/(t 2 − 1), and regard R as an R ′ -module by letting t ∈ R ′ act as the identity. We define a cochain complex (F * , δ) over R ′ as follows.
Then we have two cochain complexes
then we obtain a functorial cochain map U :
We here appeal to the method of acyclic models. (In particular, Theorem 7B in [6] suits the present case.) Then there exists a natural cochain homotopy B between W and U . Because B is an R ′ -module homomorphism, we have the following expression:
We can easily verify that the sequence of homomorphisms {B i } above satisfies the conditions stated in the present lemma.
In the next section, we use the homomorphism
to define the cup product on the group of differential characters.
3 Differential characters
Cohomology presentation
We realize the group of differential characters as a cohomology group ( [3, 7] ).
Definition 3.1. Let X be a smooth manifold. For a positive integer p, we define a cochain complex (Č(p) * ,ď) as follows:
We denote the cohomology group of this complex byȞ(p)
The following lemma is easily shown.
p (X) fits into the following exact sequences:
where
As is described in the introduction, a degree ℓ differential character on a smooth manifold X is defined to be a homomorphism χ : Z ℓ (X) → R/Z such that there is an (ℓ + 1)-form ω satisfying χ(∂τ ) = τ ω mod Z for all τ ∈ C ℓ+1 (X). The group of differential characters of degree ℓ is denoted by H ℓ (X, R/Z). We define a homomorphismȞ(ℓ+1) ℓ+1 (X) → H ℓ (X) as follows. For a class x ∈Ȟ(ℓ + 1) ℓ+1 (X), we take a representative (c, h, ω) ∈Ž(ℓ + 1) ℓ+1 . Note that h ∈ C ℓ (X; R). We define a homomorphism χ :
. Because (c, h, ω) is a cocycle, we have ω = c + δh, so that χ(∂τ ) = τ ω mod Z for τ ∈ C ℓ+1 (X).
Comparing the exact sequences in Lemma 3.2 with (1) and (2), we can see:
In the remainder of this paper, we will mean byȞ(ℓ + 1) ℓ+1 (X) the group of differential characters H ℓ (X, R/Z).
Remark 1. The group of differential characters H ℓ (X, R/Z) ∼ =Ȟ(ℓ + 1) ℓ+1 (X) is naturally isomorphic to the smooth Deligne cohomology H ℓ+1 (X, Z(ℓ + 1) ∞ D ) that is defined as the hypercohomology of the complex of sheaves
where Ω q stands for the sheaf of germs of smooth q-forms. See [1, 5] for detail.
Now we introduce the cup product onȞ(p)
Definition 3.4. We define a homomorphism
It is known [2] that the cup product is associative and graded commutative:
The graded commutativity will be shown in the next subsection.
It would be worth while to describe an example due to Cheeger and Simons [2] . Notice thatȞ(1)
We consider the case of X = S 1 . For f : S 1 → U (1) we can find a map F : R → R such that f (θ) = exp 2π √ −1F (θ). We define ∆ f ∈ Z by F (θ + 2π) = F (θ) + ∆ f . Similarly, we introduce G : R → R for g :
We remark that the assignment (f, g) → −(f ∪ g)(S 1 ) is a 2-cocycle of the loop group LU (1) which yields the central extensionLU (1)/Z 2 , whereLU (1) denotes the universal central extension of LU (1), ([9]).
The graded commutativity of the cup product
We here introduce an analogy of the sequence of homomorphisms {D i } i≥0 to the cochain complex (Č(p) * ,ď).
Definition 3.5. Let p, q,p,q be positive integers.
(a) For non-negative integer i, we define a homomorphism
as follows:
by setting
When ω 1 or ω 2 is irrelevant, we again substitute 0 for it.
Proposition 3.6. The sequence of homomorphisms
where we defined the cochain map T :
Proof. We can directly prove (a) by Lemma 2.2. The proof of (b) amounts to the following formulae:
where j ≥ 0. We can show them by the help of Lemma 2.1 and Lemma 2.2.
Notice that the homomorphism
p+q induces the cup product. Hence we have:
p+q is graded commutative.
The main theorem
Recall that we definedq
Lemma 3.8. For k ≥ 0, the mapq 2k induces a homomorphism
Proof. Since the cup product is graded commutative, we havê
We focus on the exact sequences in Lemma 3.2. Clearly, we have
Hence the homomorphismq 2k descends tô
Using again the graded commutativity, we have 2q 2k (x) = 0, so that (q 2k (x))(σ) belongs to (
Because (q 2k (2x))(σ) = 2(q 2k (x))(σ) = 0, theq 2k descends to give q 2k .
As in the introduction, we let ι and π be the natural homomorphisms appearing in the universal coefficients theorems [10] :
We are in the position of proving the main result:
Proof. For any abelian group A, we have the natural monomorphism
So we will verify the coincidence of q 2k and π • Sq 2k • ι regarding them as homomorphisms H 2k+1 (M ; Z) → Hom(H 4k+1 (X; Z), Z 2 ). Let x = (c, h, ω) be a cocycle inŽ(2k + 1)
2k+1 . Because any cochain with coefficients in R is divisible by 2, the following formula is derived from Proposition 3.6:
Therefore we can express q 2k as
for σ ∈ Z 4k+1 (X). On the other hand, the definition of Sq 2k in Section 2 provides us the following expression of π • Sq 2k • ι:
Hence
Let X be a compact oriented (4k +1)-dimensional smooth manifold (without boundary). The evaluation of the fundamental class [X] ∈ H 4k+1 (X; Z) of X simplifies the homomorphism q 2k as
Corollary 3.10. Let W be a compact oriented (4k + 2)-dimensional smooth manifold with boundary ∂W . Then the composition of q 2k for ∂W with the natural restriction homomorphism
Proof. This is clear, since
An example of q 2k is given by taking X = S 1 . Then Sq 0 = 1 implies that q 0 : Z 2 → Z 2 is the identity map. We can verify this example directly by (3) . The other example is given by taking a compact oriented 4k-dimensional smooth manifold M . We put X = M ×S 1 , and regard H 2k (M ; Z) as a subgroup contained in H 2k+1 (X; Z) by the Künneth formula. We can see that q 2k (c) ∈ Z 2 is the self intersection number of c modulo 2 for c ∈ H 2k (M ; Z).
In general, for a compact oriented (4k + 1)-dimensional smooth manifold X, the Steenrod squaring operation Sq 2k is expressed as Sq 2k (c) = v 2k (X) ∪ c for c ∈ H 2k+1 (X; Z 2 ), where v 2k (X) ∈ H 2k (X; Z 2 ) is the 2kth Wu class of X, ( [8, 10] ).
Corollary 3.11. For a compact oriented (4k + 1)-dimensional smooth manifold X, we can express the homomorphism
For example, when X is 5-dimensional and spin, we have v 2 (X) = w 2 (X) = 0, so that q 2 = 0.
Let λ ∈Ȟ(2k+1) 2k+1 (X) be the image of the Wu class v 2k (X) ∈ H 2k (X; Z 2 ) under the composition of the following homomorphisms:
Corollary 3.12. Let X be a compact oriented (4k + 1)-dimensional smooth manifold. For x ∈Ȟ(2k + 1) 2k+1 (X), we have
Proof. We putφ(x) = x ∪ λ and define a homomorphism
By the same procedure as Lemma 3.8,φ descends to give
It is easy to see ϕ(c) = ι(c) ∪ v 2k (X) for c ∈ H 2k+1 (X; Z), so that ϕ = q 2k . Consequently, we haveφ =q 2k , which completes the proof.
To illustrate this corollary, we again take X = S 1 . The Wu class v 0 is v 0 = 1 ∈ H 0 (X; Z 2 ). Hence we take a lift Λ : R → R of λ : S 1 → U (1) as the constant function Λ = 1 2 + m, where m is an arbitrary integer. Then, for f ∈Ȟ (1) 1 (S 1 ), the formula (3) gives:
where we applied Lemma 3.2 (a). For α ∈ Ω p−1 (X), we have a cocycle x = (0, α, dα) ∈Ž(p) p . By definition,Q 2k carries the cocycle x tô Q 2k (x) = (0, F p−2k−1 (x ⊗ x)).
Using Lemma 2.2, we obtain Finally, by using Proposition 3.6 again, we have Proof. Since Q 2k = q 2k in the case of 2k = p − 1, we assume 2k < p − 1. The proof is essentially the same as Theorem 3.9. By Proposition 3.6, we obtain Therefore Q 2k = π • Sq 2k • ι is proved.
